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X5: Short answer: Show no work. Write DNE in a blank if the
described object does not exist or if the indicated operation cannot
be performed. Use ‘Rv’ for “random variable”, and ‘Var’ for
“variance”.
z

The stmt “∀N there exists a prime p ∈ [N .. 2N ]” is called:�� ��Circle
Prime Number Thm Riemann Hypothesis Chebyshev’s Thm

Eratosthenes’ Wild Guess Merten’s Thm Bertrand’s Postulate

a
For |x| < 1, use the “xddx trick” to compute

∞∑
n=0

nxn=
. . . . . . . . . . . . .

&
∞∑

n=0
n2xn=

. . . . . . . . . . . . . . . . . .
.

b
Rv X is the number of flips till first head, where

P(heads)= 1
5 . So E(X)=

. .
. And E(X2)=

. . . . . . . . . . . . .
.

Hence Var(X)=
. . . . . . . . . . . . . . . . . . . .

.

c
The discriminant of poly h(z) := z2 − z + 3 is

B2 − 4AC=
. . . . . . .

. Let α and β be h’s roots.

Set ζ := 4 + α. Its norm is Nh(ζ)=
. . . . . . . . . . . . . .

∈ Z.

Its h-conjugate ζ =
. . . . . . .

+
. . . . . . .

α. Finally,[
1/ζ
]

=
. . . . . . .

+
. . . . . . .

α. [All coeffs are rational.]

d
For posint N , let λ(N) be the smallest J ∈ Z+ with�� ��∀x ∈ Φ(N) : xJ ≡N 1 . Then

λ(3)=
. . . . . . .

, λ(5)=
. . . . . . .

and λ(15)=
. . . . . . .

.

Given posints K and L, write λ(3K · 5L) as product of
prime-powers:

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

[Hint: The Primitive-root Thm is of use.]

Essay question: Write in complete sentences and
also fill-in the blanks. Each essay starts a new page.

X6: Let N := 561
note
==== 3 · 11 · 17. Note

For each prime p •| N : p−1 •| N−1.∗:

Prove:
�� ��For each k ⊥ N : kN−1 ≡N 1 .

[Hint: Chinese Remainder Thm and Fermat’s Little Thm.]

Bonus: The 14th cyclotomic polynomial is
C14(z)=

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

.

End of Class-X
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X5: 120pts
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Total: 550pts
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