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Entrance. Here, V,H are finite-dimensional VSes
over the same field, and T: V—H is linear. Recall

Nullity(T) := Dim(Nul(T)), and
Rank(T) := Dim(Range(T)).
1: Rank-Nullity Thm. For T:V—H as above,

Rank(T) + Nullity(T) = Dim(Dom(T))
2L Dim(V). 0

Proof. Choose a basis Z = {z1,...,zy} for Ker(T).
[Mnemonic: Z is for “zero”.] Pick a basis

H = {hy,...,hg}

for Range(T). Finally, for each index r € [1..R]
pick a vector /HT € T!(h,); possible, since each h,
is in Range(T).

Our goal is to show that list

B = (Zl,...,ZN7/ll\17"'7/ll\R)
is a V-basis.
Proof: B is LI.

o [T ]+ [T R = o

Applying T() yields that

Consider a linear-combination

*k2 Oy + {Zle arhr} = Oy,

—

since each T(z;) = Oy, and T(h,) = h,. But H is
LI; consequently all the a-numbers are zero.
Our (%) now says that

N
Y Pz = Ov.

But Z is LI, so all S-numbers are zero. QED
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Pf: Subspace Spn(B) is all of V. Consider an
arbitrary vector p € V. Thus there exist scalars «,

st. R
T(p) = Zrzlo‘ThT‘

Define

Since T is linear,

T(e - D) = T(p) — T(P) == 0n.

Thus difference-vector p—p € Ker(T). So there

exist scalars S for which

N _
Zkzlﬂkzk =p—-DP.
Hence vector

p 2 [ fm] + [ o] ¢

is in Spn(B). QED

The next page has the same proof, but allowing
oo-dim’al spaces. It indexes vectors by themselves,
hence is notationally simpler.
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Prolegomenon. Here, V, H are VSes over a field F,
and T:V—H is linear. Recall

Nullity(T) := Dim(Nul(T)), and
Rank(T) := Dim(Range(T)),

where these dimensions are (possibly infinite) cardinals.

Recall that a linear-combination over a set, €,
of vectors, has form

> pw)w,

weN

where function :Q—F is finitely supported; that
is, the set {w € Q| p(w) # 0} is finite.

2: General Rank-Nullity Thm. For T:V—H as above,

Rank(T) 4+ Nullity(T) = Dim(Dom(T)). ¢

Proof. Pick a basis Z for Ker(T), and a basis
JH for Range(T). For each h € X, choose a vector
/h\ eT! (h) [In principle, this uses the AXIom OF CHOICE.]
Define e e

H = {h|heXH}.

Our goal: The disjoint union B = ZU H [of mul-
tisets| is a V-basis.

Pf: B is LI. Consider a linear-combination
*: {Z ﬂ(z)-z} + [Z a(h)‘/lﬂ = Oy.
z€EZ heXH

[So B and « are each finitely-supported scalar l'ncs.] Applying

T() yields that
ok O + [Zheﬁf Oé(h)'h} = 0Oy,

since each T(h) = h. But H is LI; consequently the
a() function is identically-zero.

Our (%) now says that
Xz = Ov.

But Z is LI, so 3() is identically-zero. QED
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Pf: Subspace Spn(B) is all of V. Consider an
arbitrary vector p € V. Thus there exists a() so that

Tp) = Y, a)h.
Define

Because T is linear,

note

T(p - Pp) = T(p) - T(P) = On.

Since difference-vector p — p € Ker(T), there exists
a linear-combination [ZZEZ I5; (z)-z} that equals dif-

ference [p — p|. Hence

D= [ZZGZ B(Z)'Z} a [Zheﬂf a(h)'/h\} ¢

is in Spn(B). QED
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