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‘T/Vﬁoa! As of 30Sep2022: I am using L-to-R com-
position (the convention in Bona’s textbook, but opposite
that of Gallian), and hence am using my permutation-
basics.ORIG.latex file

Whoa! On 250¢t2019: 1 started modifying this
to use R-to-L composition, as Gallian does. Cur-
rently, this is incorrect, as it is inconsistent.

Unfinished: as of 18Apr2023

Permutations

On a set 2, a bijection m:Q—€ is also called
a ‘“permutation of Q7. Use perm to ab-
brev. “permutation”. A token is an element z € ().
Use Idq for the identity perm, x — .

Composition. [t will be convenient to have sym-
bols for composition in both directions. We will use <
to mean o. Thus

la: Both [8<a](z) and [a> B](z) mean B(a(x)).

Use 8°" for “the n*"-composition-power of 3. E.g
la': B8() = B(B(B@))),

and B°7' is the inverse function of 3, which we
will usually just write as B'. When composition is
understood, we will write 43 rather than 3°3.

The Sq group. The set all permutations on {2
is “the symmetric group on €27, written Sq,
with usual R-to-L composition. The group is thus
(Sq, o, Idg)

Orbits.
the set

For B € Sq, “the S-orbit of token z” is
Op(x) = {8%() | ke 2},

together with the information that 8 maps B°%(z)
to f°t(z). A p-orbit is either finite; a K-cycle
for some posint K, or is infinite, and is a copy of
the add-one function mapping Z—7. This last is an
“oo-cycle”, as “cycle” has come to mean ‘generated
by a single element’, in various branches of algebra.
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Henceforth, the token-set is finite, of cardinality
N = |Q|. Further, writing the symmetric group as
Sy shall mean that Q = [1.. N]. O

Cycle-structure. Consider the following shuffle, 7,
of an Ace-through-King suit, 2. Our 7 goes from the
std order [top line|, to the order in the bottom line:

A 2 3 4 5 7 6 8 9 T J Q K
(9] T[3[Q[A[7[4[6]5[IJ[K[8]2]

This is called “the two-line presentation of 7”. [If
the std token-order were understood, then just the bottom line
could be shown; the one-line presentation of 7r.]

The cycle-structure of « is a listing of all its cy-
cles. Note that m maps A—9—5—A; this is a 3-cycle,
which I write as CA95). This same cycle could be
written as (95A) or as (5A9). Notice, however,
that (59 A) is a different cycle; indeed, 7(5) is not 9.

So the cycle-structure of 7 is

(3D (7D CA95) (2TJIK) (4Q86) .

While the order in which the [pairwise disjoint| cycles are
listed, does not change the permutation, it is nonethe-
less convenient to have a CCN, canonical cycle-

notation:""

1b: T =

From L-to-R, list all the 1-cycles, then all the 2-cycles,. . ..
If the token-set has a natural ordering, then list each cycle
with its leftmost token being its smallest taken. Finally,

for each length K, list the K-cycles L-to-R, sorted by their
leftmost [smallest] token.

So (1b) is in CCN, assuming the token-ordering is
A<2<3<...<9<T<J<Q<K. Lastly, the [eycle]
signature of a permutation, lists how many cycles of
each length, occur. The signature of the 7 in (1b), is

10 [12, 3%, 42] 2© 112,20 31 42 50 |,
since 7 has two 1-cycles, one 3-cycle, and two 4-cycles.

Let #Ev(3) be the number of even-length [3-
le: cycles, #Od(f) counts the number of odd-length
cycles, and "All(B) = 7Ev(3) + 70d(B).

For (1b), then, "All(7) = 5 and #Ev(n) = 2.

“1B.g, write cycle ¢985) as (598, putting its smallest to-
ken, 5, leftmost. List three-cycle 5 9 8) somewhere left of four-
cycle (12814 7). Finally, for two three-cycles, list (3 15 6) be-
fore (59 8), since 3 < 5.
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Sign of a permutation. Given a permutation, (3,
of a finite set, define its sign as

1c: Sgn(ﬁ) —

Permutation S is called even (Sgn(B) = +1), or odd
(Sen(8) = -1), depending on whether #Ev(f3) is even or
odd.

A transposition is a permutation comprised of a
single two-cycle; its signature is [11V-2 21].

[,1]#Ev(5) _

Every permutation on a [finite| ) is a com-
positionQ?2 of transpositions.

For the next result, consider distinct tokens z,y, in
a common L-cycle, w. Pair x,y is “J:K-separated”
if the smallest posints j,k such that 7/(z) = y and
7¥(y) = x are j=J and k=K. (Necessarily, J+K = L.)

2: Cleave lemma. Consider perms (3,7 and tranposi-
tion 7 := Cx y) such that 7>8 = 1.

Suppose tokens x and y lie in different [3-cycles, of
lengths J and K, respectively. Then « has these two
coalesced into a single cycle of length J+ K, and they
are J:K-separated in this vy-cycle. Consequently,

#All(y) = "AL(B) — 1.
f: Hiv(y) = #Ev(ﬂ)Jr{ﬂ if J, K both odd}.

-1  otherwise

Instead, if x,y lie J:K-separated in the same (-cycle,
then this cycle splits into two ~y-cycles, of lengths J
and K. Further,

#All(y) = "AL(B) + 1.
t: HEv(y) #Ev(ﬁ)Jr{l if J,K both odd}‘

+1  otherwise

Both (1,1) hold if, instead, T follows 3,
ie, y=0b>T.

Pf of (27). Rename z,y to x1,y1, and write the
relevant S-cycles as

“21If perm f fixes every token then S is the empty composition.
Else there is a token z such that y := 8(x) # z; so composition
B> Cyx) fixes at least one more token than did g, hence is a
composition of transpositions.
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Cxrxe ... x50 and Cy1 Y2 ... YK -

Then v := 78 has coalesced these into y-cycle

Cr1y2 .- YJ Y1 T2 ... TKD,

in which pair x1,y; is indeed J:K-separated. ¢

Proof continued. Observe that (f) is () backwards,
noting that 7' = 7 and thus 7> v = f3.

Finally, (%) follows by noting that when v = 7>,
then 771 =8>, ¢

2a: Transposition Parity theorem. Consider a 3 written
as a composition T >To>---> 7y of transpositions.
Then M is even/odd, as [ is an even/odd permuta-
tion. Indeed, the sign-map is group-homomorphism,

Sen: (SQ, >, IdQ) N ({il},-,l),

i.e, Sgn(af) = Sgn(a) - Sgn(pB). O

Pf. This is immediate from (2},1), the Cleave lemma.
Here are two other proofs, which proceed by ordering
the token-set, viewing 2 as [1.. N].

Define the inversion number f(3) to be the car-
dinality of

{(,5) | i.j € @ with i < j, yet 5(i) > B(j)}.

ISTShow, given a transposition 7, that

fBr7) = f(B)+0dd.

This holds when 7 is an “adjacent-transposition”; of
form (i i+1): If (i, i+1) was an inversion, then
f(BT) equals f(B)—1; else f(8)+1. Finally, observe
that an arbitrary transposition ¢k k-+n) is a compo-
sition of oddly many, 2n — 1, adjacent-transpositions.

For a third proof, from perm [ create an NxN
matrix 3, whose (i,j) entry is 1, if j = B(4), and
is 0 otherwise. [Such is called a permutation matriz.|
Then Sgn(3) equals the determinant Det(/3). Multi-
plicativity Sgn(af) = Sgn(a) - Sgn(S) follows from
multiplicativity of the determinant. ¢
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2b: Minimum-transposition lemma. FEach 8 € Sy can
be written as a product of [N — #All(3)| many trans-
positions, but no fewer. O

Proof. ~ Repeated apply (2f). Pick distinct z,y in
a cycle, then compose with Cz y), to split the cycle.
Continue, until you have N-many 1-cycles. ¢

Permutation-Sign examples. Here are a few
sample computations.

3: Multiplication-sign. On group (Zn,+,0), an r € Zy
engenders permutation
ar(z) = z+7r. [Addition mod-N]

The cycle-structure of oy is M many K-cycles, where

¥ K =GCD(r,N) and M :=N/K.

When N is even, then Sgn(ay) =1 IFF r is a “dou-
bling-residue”; i.e, Iy € Zx with 2y = r. O
Proof. N =2H ¢

4: Cartesian-sign Lemma. For j = 1,2, consider per-
mutation B on token-set Q;, with £; := #Ev(f3;) and
D; = #0d(B;). Letting = mean =, then, cartesian
product permutation 7 := 31X 32 has that

T2 "Ev(w) = €Dy + D18
I = &1N2 + M€,
where N; = |Q;]. O

Pf.  Consider token x; € Aj, where A; is a B;-cycle
of length K;. Then (z1,z2) generates a m-cycle of

length L = LCM(K1, Ko).
So, cartesian product AjxAs splits up into
G = GCD(Kl, KQ)

many length-L 7r-cycles. These contribute to Sgn(7)
iff L is even and G is odd; i.e, when K # Ko.
Hence (}). Evidently D; = N; (Why?), giving (1).

Q2

Notational shorthand. When the token-set is
understood, we might omit writing the 1-cycles. For
example, our (1b) card-shuffle might be written as
T = CA95) (2TJK) (4Q86), with signature [3', 42].
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§Ring Index; symbols listed first

canonical cycle-notation, 1
CCN, 1
composition-power, 1

inversion number, 2

perm, 1
permutation
even/odd, 2
sign of, 2
permutation matrix, 2

symmetric group, 1

transposition, 2
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