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1: Lemma. Consider positive reals a0 ≥ a1 ≥ a2 ≥ . . .
such that an→0. Then

L := a0 − a1 + a2 − a3 + a4 − . . .

exists in R. Moreover, for each even posint N ,

[N−1∑
k=0

[ 1]kak
]
+ aN > L >

N−1∑
k=0

[ 1]kak .

Proof. Exercise. ♦

2: Theorem. The number e is irrational ♦

Proof. FTSOC, suppose 1/e equals p/q, for some
posints p,q. Recall that ex =

∑∞
k=0

xk

k! . Thus

1

e
=

1

0!
− 1

1!
+

1

2!
− 1

3!
+

1

4!
− . . . .

For N even, then,

[N−1∑
k=0

[ 1]k

k!

]
+

1

N !
>

p

q
>

N−1∑
k=0

[ 1]k

k!
.∗:

Multiplying this by N ! gives

S+1 > N !
q · p > S ,

where S := N ! · RhS(∗) is an integer.
Taking an N ≥ q makes N !

q an integer, yielding
contradiction that S+1 > Integer > S. �
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