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Abstract: In a topological space X we define two (some-
times) inequivalent notions of “component of a point x”, Px

and Cx.

The pseudo-component of a point

Use P̂ for the family of X-clopen sets. Define

Px := {E ⊂ X | E clopen and E 3 x} .

Let Px :=
⋂

(Px) be the closed set which is the inter-
section of the members of this collection. Now sup-
pose a point w ∈ Px. Then Px ⊂ Pw. Conversely

E ∈ Pw =⇒ Ec ∈ P̂r Pw

=⇒ Ec ∈ P̂r Px

=⇒ E ∈ Px .

Hence Px = Pw. So if two intersections Px and Py

share a point, w, then Px = Pw = Py. We conclude{
Px

∣∣ x ∈ X
}

is a partition of X into closed
subsets, with x ∈ Px.

1:

As shown later, an Px need not be connected; this is
a good reason not to call it a “connected” component!
This Px is called the pseudo-component of x.

(Maximal) connected component of a point

Let Cx := {K | K connected and K 3 x}. Let Cx :=⋃
(Cx) be the union of this collection.

2: Lemma. Cx is a connected subset of X. ♦

Pf. Fix a set V ⊂ Cx which is clopen in the relative
topology of Cx and which owns x. Thus

V = Cx ∩A and Cx r V = Cx ∩B ,

for some X-open subsets A,B ⊂ X; these open sets
need not be disjoint.

Consider a K ∈ Cx. In the relative topology of K,
the intersections K ∩A and K ∩B are open and (since
K is inside Cx) are disjoint. As A ∩K is clopen in K
it equals K, as this latter is connected and intersects
A (at x). Hence V ⊃ K. Holding for all K, this says
that

�� ��V equals Cx . �

Partitioning follows by observing that

w ∈ Cx =⇒ Cx ∩ Cw 6= ∅ =⇒ x ∈ Cw .

Thus Cx = Cw. As above, this yields that if Cx and
Cy intersect, then Cx = Cy. Consequently{

Cx

∣∣ x ∈ X
}

is a partition of X into con-
nected sets, with x ∈ Cx.

3:

Implications and examples
If E is a clopen set intersecting a connected set K,
then E ⊃ K as argued above. Hence Px ⊃ Cx always.

The connected component can be smaller than
the pseudo-component. Consider the plane R2.

For v ∈ R, let Lv denote the line segment [0, 1]×{v}
in the plane. For an arbitrary subset S ⊂ L0 define

Ω := S t
⊔∞

n=1
L1/n

endowed with the induced metric.

Pseudo-comp. Fix an x ∈ S and R2-open ball U 3 x.
For all large n, then, U intersects L1/n.

Each L1/n is connected, so U includes some union⋃∞
n=? L1/n. Supposing now that U ∩ Ω is Ω-clopen,

note that U ∩ Ω must include the Ω-closure of this
union; so U ∩ Ω ⊃ S. Thus

In metric space Ω: For each x ∈ S, its
intersection-set Px includes S. Hence S lies
inside a single pseudo-component.

It follows that
�� ��S is an Ω–pseudo-component , since

each L1/n is. �

Connected-comp. Conversely, suppose K ⊂ Ω is a
connected. If it touches a particular L1/n then it is
included in it, since L1/n is clopen in Ω. So a con-
nected set K ⊂ Ω which touches S, is included in S.
Thus

For each x ∈ S: Its Ω-component Cx

equals its S-component, where we view S
as a metric space.

In particular, if S is totally disconnected then each
Cx = {x}, whereas Px = S. A striking example is
the two-point set S :=

{
(((0, 0))),(((1, 0)))

}
. �
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