Xnn—af = XpVp— X8 + x,8—-0af
Xnlvn = B] + [xn —a]B.

Multiplication in C is continuous

Jonathan L.F. King

Taking absolute-values, then upper-bounding, yields

University of Florida, Gainesville FL 32611-2082, USA i Xoyn — Bl < |xal-lyn =Bl + |x, — - |8l
squash@ufl. ec]u .
Webpage http://squash.1gainesville.com/ < 50y, =Bl + I —al-7,

23 September, 2017 (at 11:37)
by (1) and the first sentence.

Fix a posreal €. Since lim(y) = g and lim(X) = a, we
Abbreviations. Use posreal for “positive real number”. A can take K large enough that for each n in [K .. o):

sequence X abbreviates (x1, x2, x3,...). Use Taily(X) for
the subsequence (xy, Xy+1, XN+2,...) Of X. O Ve =Bl < % and |x, —a| < %
! 50 7

1: Addition-Cts thm. The addition operation CxC—C js ~ Plugging these estimates in to (£) gives that
continuous. Restated: Suppose X,¥ C C with lim(X) = «

e/2 g/2 note

and lim(§) = B. With py, := x, + yp, then, lim(B) = a + 8.0 ayn —apl < 5055 + 57T = e,
for eachn > K.

Proof. Fix a posreal €. Take N large enough that As this holds for every & positive, lim(X-y) indeed
equals af. ¢

Taily(X) C Bals(a) and Taily(y) C Bal:z(B).
2 2 Filename: Problems/Analysis/Calculus/add-mult-are-cts.
. latex
Each index k has py — [@ + B8] = [xx — a] + [y« — B]. For Asof:  Thursday 03Sep2015.  Typeset: 23Sep2017 at 11:37.

each k > N, then,
lpk—la+B]| < l—al+ly-Bl < £+5 =¢. ¢

Remark. The same thm and proof hold for addition on a
normed vectorspace; simply replace |-| by the norm ||-||. O

Abbreviations. Use WELOG for “without essential loss
of generality”, and posint for “positive integer”.

A sequence X abbreviates (x1, X2, X3, . .. ). Use Diam(X)
for the diameter of the set {x,} 7 ,. O

2: Mult-Cts thm. The multiplication operation CxC—C is
continuous. Restated: Suppose X,y c C with lim(X) = «
and lim(y) = 8. With p,, := x,, - y,, then, im(p) = a - 8. ¢

Proof. 'WELOG |B| < 7. Since X converges, necessarily
the Diam(X) is finite; WELOG

te V posints n:  [x,| < 50.

For each posint n, adding and subtracting a term gives
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